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1 The Fourier Transform and Derivatives

1.1 How the Fourier transform interacts with derivatives
Theorem 1.1. Let f € L'. Then the following hold.
1. If x*f € L' for all || < k, then
0°f(€) = (—2miz)* f ().
2. If feCF, 0°f € L'NCy for |a| <k —1, and 3°f € L for |a| = k, then
0o (&) = (2mig)* ().

Proof. For the first statement, we will show the proof of |a] = 1. The rest will follow by
induction on |a|. Let £ € R™. Then

~

f(g + h) — /n 672m'§-:p6727rih-xf(x) dr.

If h = tej, then

~ ~

fE+tes) — f(&) _ / ezmg-xe_%mj -1,
t n t

Using a first order Taylor expansion of the exponential, we get |e=2™%3t|/|t| < 27|z;|. So,
using the dominated convergence theorem, since 2r|z;||f(x)| € L!,

—

() = | J@)e < (~2miay) do = (~2miz) f(€).

For the second statement, we want to understand why we need f e Con L' and
Ox, f € L' to have 0, f(&) = (2mi&;) f(§). Assume k = 1. Then

01O = [ 0 @) da



e / / 8xjf($)€72ﬂi2k¢j kak€—27{'i$]‘£j dI] dxl P dx]il dm] P dl‘n
R7—1 JR

— 727ri£-x_j . i 2mig x; —2mix;&; e d~ —J
/Rn—l e [ /Rf(x)axj (e i J) + [f(x)e i ]}—oo:| T

:/ ™8 f () (—2mi&;) du

— 2mi&; f(£)
To prove that f € Cp, it suffices to find (9k)r € Cp such that limy ||f— 9k|lw = 0. Let

(fr)r € C§°(R™) be such that || f — fil|1 < 1/k. We have

1P Fillu < If = fil <+

~ —

But (27i;) fix = Ou, fi- Thus,
27| fillu < 19, fillr < oo.

This means that |§ka| is bounded, and so fi € Co. O

1.2 The Fourier transform on the Schwarz space
Corollary 1.1. F maps S into S continuously.

Proof. Let f € §. We are to control the uniform norm of xaabf for all multi-indices
a,b € N" using a finite number of expressions || f||(x,q,)- Since 2290 f is a finite linear

combination of terms of the form 0° (:Uaf), it suffices to control the latter expressions.
Note that

o (erinf) oy _

_ _ —omiz)Boef.
(@ri)o Grije ~ @mia 2mie)’of

0%z f) =

Thus, N
107 (2 )l < |27~ |20 f]1.

The right hand side is

—Q 1 n (6%
27| /Rn(l—i—||)"+1(1+’$|) a0 f| da

< el ol B [

= 27" ~*|| £l @+1+18],0) C»

where (), is a constant. O

1+]3:| )t



Remark 1.1. Given a > 0 and an integer n > 1, we define

fala) = e T

Note that f! € S, and

= H fi(%)

.
—

Hence,
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